Abstract. The question of finding sets of monomials which are removable from a generic homogeneous polynomial through a linear change in its variables raised by E. K. Wakeford in 1916. This linear algebra question motivated J. Losonczy to define the concept of acyclic matchings in Z n , and later in abelian groups. In this paper, we give a constructive approach to study the acyclic matchings in cyclic groups.
Introduction
Let B be a finite subset of the abelian group G which does not contain the neutral element. For any subset A in G with the same cardinality as B, a matching from A to B is defined to be a bijection f : A → B such that for any a ∈ A we have a + f (a) ∈ A. For any matching f as above, the associated multiplicity function m f : G → Z ≥0 is defined via the rule:
∀x ∈ G, m f (x) = #{a ∈ A : a + f (a) = x}.
(
A matching f : A → B is called acyclic if for any matching g : A → B, m f = m g implies f = g. The notion of matchings in abelian groups was introduced by Fan and Losonczy in [4] in order to generalize a geometric property of lattices in Euclidean space. The motivation to study acyclic matchings is their relations with an old problem of Wakeford concerning canonical forms for symmetric tensors [6] . This notion has been investigated in literature in different aspects (e.g., the existence of acyclic matchings in subsets of abelian torsion-free groups and acyclic groups of prime order.) In this paper, we will investigate acyclic matchings in certain subsets of abelian groups. We will also introduce the concept of strongly acylically matched subsets of abelian groups and will provide a family of such subsets.
Preliminary
Throughout this paper, we assume that G is an abelian group and A, B are two non-empty finite subsets of G with the same cardinality and 0 ∈ B. Following Losonczy in [5] , we say that G possesses the acyclic matching property if for every pair A and B of finite subsets of G with #A = #B and 0 ∈ B there is at least one matching from A to B. We say that G has the weak acyclic matching property if for every pair A and B of G with #A = #B and A ∩ (A + B) = ∅, there is at least one acyclic matching from A to B. It was proven in [3] that Z n has the acyclic matching property. Later, this results was generalized by Losonczy to abelian torsion-free groups [5] . Also, it was shown in [1] that there are infinitely many primes p for which Z/pZ does not have the Keywords and phrases. acyclic matching, acyclicity sequence, weak acyclic matching property.
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acyclic matching property. We conjecture that all abelian groups possess the weak acyclic matching property:
Conjecture 2.1. Let G be an abelian group. Then G possesses the weak acyclic matching property.
In the next section, we will provide a constructive approach to investigate the weak acyclic matching property in G. However, Conjecture 2.1 will still remain unsolved.
3.
A constructive approach to Conjecture 2.1 For any matching f : A → B, define support of f as supp(f ) = {x ∈ G : m f (x) > 0}. We associate the finite ordered sequence x
We call the above sequence the acyclicity sequence of f .
Denote the set of all matchings from A to B by M(A, B). Define
(A,B) = 1 and F
(A,B) = {f }, then f is an acyclic matching as for any g ∈ M(A, B) with f = g we have m f = m g . If #F (1) (A,B) > 1, define
Similar to the previous case, if #F (2) (A,B) = 1 and F (2) (A,B) = {f }, then f is acyclic. Otherwise, #F (2) (A,B) > 1 and we define
Continuing in this manner, we obtain sequences C 
Since M(A, B) < ∞, the process described above will terminate after finitely many steps. Assume that F 
Using the acyclicity table of M(A, B), we get C = {f 1 , f 2 , f 3 }, where f i 's are given as follows: We also have C (ii) Every f ∈ M(A, B) is acyclic.
Proof. Assume to the contrary, m f (x) > 1, for some x ∈ G. Then, there exist distinct a, a
This contradicts A∩(A+ B) = ∅. This follows (i). Now, choose two matchings f, g ∈ M(A, B). Choose a ∈ A such that f (a) = g(a). Using the previous part m f (a + f (a)) = 1. We claim that
This contradicts A ∩ (A + B) = ∅. Therefore, m g (a + f (a)) = 0 and so m f = m g . This implies that f is acyclic. The proof is complete. Remark 3.6. If f is a matching whose acyclicity sequence only includes 1, then f is not acyclic necessarily. Our simulation results in Example 3.4 show that there exist 2436 matchings whose acyclicity sequences only include 1. However, only 8 of them are acyclic. The acyclicity sequences of f, g ∈ M(A, B) given as follows only include 1.
Note that we have m f = m g and this follows that f and g are not acyclic.
Our simulation results show that for A and B with #A = #B and A ∩ (A + B) = ∅ there exists at least one acyclic matching from A to B. So we have the following conjecture:
Conjecture 3.7. Let G be an abelian group. If A and B are two finite subsets of G with A∩(A+ B) = ∅, then there exists f ∈ M(A, B) such that f is acyclic and its acyclicity sequence only included 1.
Note that Conjecture 3.7 provides a constructive approach to investigate Conjecture 2.1 and indeed it implies Conjecture 2.1. Definition 3.8. We say that A is acylically matched to B if there exists an acyclic matching from A to B. We also say that A is strongly acylically matched to B if A is acylically matched to B and every matching from A to B is acyclic. (A, B) , the acyclicity sequence of f does not only include 1 necessarily. For example, consider the subsets A = {2, 4} and B = {3, 1} of Z. Then A is strongly acylically matched to B but the acyclic matching f ∈ M(A, B) given via the rule 2 → 3 and 4 → 1 has 2 in its acyclicity sequence.
Conjecture 3.14. If A is acylically matched to B and the acyclicity sequence of every f ∈ M(A, B) only includes 1, then A is strongly acylically matched to B.
Computer Program
In this section, we employ three algorithms to investigate acyclic matchings. In the first algorithm, we input n and find all pairs A and B of subsets of Z/nZ for which A ∩ (A + B) = ∅. In the second algorithm, we find all matchings whose acyclicity sequences only include 1. It also checks whether matchings obtained in this manner are acyclic or not. In the third algorithm, we input subsets A and B obtained by implementing Algorithm 1 and provides C for i in range(0,n − 1) do
3:
ZnZ.add(i) 4: for i in range(2,n/2) do
5:
Subset(i)= GiveSubsets(ZnZ i)
6:
P airof Subsets.add(Combinations(Subset(i),2))
for A,B in P airof Subsets do C(i)=max(sequence(i) for sequence in sequences) 4: for sequence in sequences do 5: if sequence(i)==C(i) then return m
